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SECTION 5.1:
Relations.

Definition:
Let A be a set, a subset R of A X A is called a relation on A

Ifpair (x,y) U R, then we say that x related to y and write XRy (x related y),
otherwise we write XRy (x NOT related y)

Example:
Let A={a,b,c,d},R={(a, c),(ad),(b,a),(a, a),(d c)(d d R
called a relation on A.

Is aRb ? 2since (a,b) LR then aRb
Is bRa ? >since (b, a) U R then bRa
Is dRc ? >since (d, ¢) U R then dRc
Is dRc ? 2>since (d, ¢) LR then dRc

Example:
Let A = Z, and define a relation R on A

s(1,2)UR?2>NO(1,2) IR (1-

Is(2,1)UR?2>YES (2,1 (2-171) then Ry
NOTE: if n > m then (n,

e~

c d

We can represent a relation on a finite set A with a diagram, this diagram is
called a directed graph or diagraph each element in A is denoted by a node or
vertex if (s, t) Ll R, we connect s to t by an arrow is called directed edge.

If (s, s) U R, then the arrow from s to s (to itself) is called a loop or self loop
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Example:

LetS=1{1,2,3,4,5},

andletR = { (1, 1), (1, 2), (2, 3), (1, 3),(1,4),(4,5),(5,1),(1,5),(4, 1) }
draw a diagraph of R

2 \0)

Example:
draw a diagraph of the following A= {a, b, c,d },
R={(a, a), (a,b), (b, a), (b, b), (c, b), (c, c)& C)

©) Y

Example:
LetS=1{2,3,4,6, 8/ 1

and let R be defi S
R=1{(2,2), ,8),(2,12),(3,3),(3,6),(3,9), (3, 12),
4) (4 ,(6,6),(6,12),(8,8),(9,9), (12, 12) }
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Remark:
Every function of the form f: A = A defines a relation R¢ on A. By
(x,y) URifff(x)=y

Example:
Let A={a,b,c},and f: A > A is defined by
f

a a
b——F b
c——P» ¢
Rr = {(a, b), (b, a), (c, ©) }

b a

< > Q

Question5: @

Draw a diagraph of the relation R¢ deﬁne& llow nction

-y

Let A={a,b,c,d, e}, and let R be a relation defined diagraph
fr : A 2 A defined by: a

fR (a)=c ‘
fi (b)=b C) ¢ .

fr (C) =¢C
fr (d) =a
fu (e)=d
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Definition:
Suppose that R is a relation defined on A, then

I. a Relation (R) is Reflexive iff wherever «Rx for all x U A
if (x,x) U R, [Zx U A, is called Reflexive

2. a Relation (R) is Symmetric iff wherever XRy we have yRX )
if (x,y) U R, then (y,x) U R, is called Symmetric

3. a Relation (R) is Transitive iff wherever XRy and yRZ, we have
«Rz.

if (x,y) U R,and (y,z) U R, then (x,z) U R is called Tragsi

4. a Relation (R) is Irr-Reflexive iff wherever Rex |

if (x,x) OR, [—x U A, is called Irr-Reflexive

5. a Relation (R) is Anti-Symmetric ifi

=vy.
if (x,y) U R,and (y,x) UR, thenx

1 n-Symmetric

Properties of a relation R U A x A,

1.  Reflexive if [—a LJA (a)
2. Symmetricif [CaLJA LIR — (b, a) UR
3. Irr-Reflexive if [—a [l A (% '
4. Anti-symmetric if [—a LA A, (a,b) UR U (b,a) UR — a
=b
5.  Transitive ifga a, ,(a,b) UR U (b,c) UR — (a,c) UR
Compare a relation X
Range R@fation 1 Relation 2
Cx OA eflexive Irr-Reflexive
X
XRX D A XRX D A
Symmetric Anti-symmetric
ny U A, ny LA ny U A, yRX U a (x=y)

Example:
Determine whether the following relations reflexive, symmetric, transitive,
antisymmetric , irreflexive
A={ab,c,d} R={(a,b)(b,d),(a d),(da),(dDb),(b,a),(cc)}
1.  Ris NOT reflexive ( (a,a) LIR)
2. R is symmetric
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3. R is NOT transitive
(a,b) U Rand (b, a) L R but (a,a) IR
4. Ris NOT Irr-reflexive ((c,c) U R)
5. R is NOT anti-symmetric
Example:
A={ab,c,d, e }R={(a,a), (a,b),(b,c),(ac),(,a),l,a),(,b),(de)}
1.  Ris NOT reflexive ( (b, b) LIR)
2. Ris NOT symmetric (d, ¢) U R but (e, d) JR
3. R is NOT transitive
(b, ¢) L R and (¢, b) LI R but (b, b) IR
4.  Ris NOT irreflexive ((a,a) U R)
5. R is NOT anti-symmetric (a, b) Ll R and (b, a) U R

Example:

A=1{1,2,3,4,5} and define a relation R on A by (x, y) [%yO
1.  Risreflexive iff (x, x) U R
iff x—x>0
0=0
then: R is reflexive
R

2. Ris symmetric (x,y) U R
Xx-y=20#x-y=0
then: R is NOT symmetrj

3. R is transitiv

x,y) UR U (y,
(x, y) OR iff

bk, x) LU R forall x U A
then: R 1s NOT irreflexive.

5. Risanti-symmetric iff (x,y) U R U (y,x) U Rbutx =y
(a,b) UR U (b,c) UR — (a,c) UR

(x,y) URiff x—y>0

(y,x) URiff y—x>0

x—y>0Uy-x>0
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then: x =y
R is anti-symmetric

S

N
N
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Example:
LetA={ab,c} R={(a,a),(a,b),(b,c)}
a b ¢
a 1 1 O
b 0 0 1
c 0 0 O
By General:
A relation R on a finite set A = { a;, a2, a3, a4, ........... , an } can be represented

by a matrix Mg of 0's (zero's) and 1's (one's), by letting the entry (im) in oW
and (ju) column equal 1 if aR a; and equal O if alk a

Example:
LetA={1,2,3,4,5}, and let
R={(1,1),(2,2),(2,1),(3,3),3,2), 3, 1), (4, M4,
4, 1), (5,5),(5,4),5,3),(5,2),(5 1D }
1 2 3 4 5
1 1 0 0 O
2 1 1 0 O hegMR
3 1 1 1
4 1 1 1
5 1 1 1
Remark:
1. the relation R 1s 1 jve iff the entries on the diameter are all 1's
(one's)
2. the relation ‘be iff the entries on the diameter are all 0's
(zero's)
Example:
Let A= { a, jp, d @ = {(a, b), (b, d), (a, d), (d, a), (d, b), (b, a), (c, ¢) }
Lo xRy=1
b 1 0 o 1 [renMes
clo o 1 0 xRy=0
d 1 1 0 O
Every n x n matrix defined a relation Ry an a set { a;, a,, as, a4, ........... ,an } by

aR a; iff the entry in the row (1) and column (j) equal zero

Example:
a; Ay az
ai[ 1 0 1) LetM=
al 0 1 0
aal 0 0 O
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Let A={a, a,, as}
RM = { (alg al)a (ala 33), (aza a2) }
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