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SECTION 3.2:
Injective and surjective functions.

Definition:
1. A function f: A = B is called injective ( 1 -1) (one to one) if,
wherever x, y L A, with x #y, then f(x) # f(y)

i1. A function f: A = B is called surjective ( onto ) (comprehensive)
if,
for all yU B, there exist x U A such that f (x) =y

1il. A function that is both injective (1 — 1 ) and surjectige 0)
called bijective or one to one correspondence
Properties of a function f : A — B. Q
1) f'is one-to-one or an injection if : f (x) =f(y) — y.

2) f'is onto or a surjection if : f (A) =B.
3) fis a bijection if both one-to-one and

Example: All the following are funct f YA — B.

1. A={1,2,3},B={x,y,z, w},
1S one-to-one but not onto.

2. A={1,2,3}, B={x, yfz.Q!, f = {
1s neither one-to-ongga0®o

1,yWm2,z), (3,w)}

Y), (2,w), B,w)j§

3. {(Ly), (2,2), 3.x)}
(bijective).

4 s z), £={(Ly), (2,2), B.y), (4.x)}

Cl njective, surjective and bijective functions

NOT onetoone (1-1)

For each element in group A have one element in group B

NOT onto (comprehensive)

For each element in group A have all elements in group B, and every elements
in group B have at least one element in group A.
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Example:
LetA={1,2,3} B={4,5}
f: A = B defined by | —» 4

§>b5

L xy UAx#y > fx) #1(y)
2,3 UA butf(2)=13)=5
Then NOT onetoone (1 —1)

2. [y (CoDom A) U B, Cx U A such that f (x) =y.
4B, 1U A and (1) =4 onto
5 U B, 200 A and f(2) =5 onto

3. f£1[2,-2]12>1[0, 5] defined by f (x) = x> Hl.
f(x)=x"+1
f(2)=2"+1
=5
fx)=x"+1
f(-2)=-2"+1
=5
x,y UA x#y 2> f(x) #1(y)
2,2 UA2#-2 2 f(2)=1(-2)
NOT one to one

Example:
A={ab,c} B =
Let f: A - B define
f(a)=s f(b

NOTE:

Suppose A, B are sets, and | A | =3, | B| =2, then:

1. If | A1 > [ B/ then any function f: A = B cannot be 1 — 1 or injective
2. If | Al <[ B/, then any function f: A = B cannot be onto or surjective

Definition:
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A function that is both injective (1 — 1 ) and surjective (onto) is called bijective
or one to one correspondence

Example:

Letf: {1,2} > {a, b} bedefinedbyf(l)=a,f(2)=D
x,y UA x#y > f(® #1{(y)

the functionis (1—-1)

[y (CoDom A) Ul B, [Cx LI A such that f (x) =y.

the function is ( onto )

Thenis (1—1) and ( onto ) called bijective.

Example:

Letf: {1,2,3} > {a,b,c} bedefined by f(1)=a, f(2)=a, =
x,y UA x#y > f(x)#1(y)

L2 OA 142 2 f(1)=1Q2)

the function is NOT (1-1) Q

[y (CoDom A) U B, [Cx U A such that f ) =
c U Bbutnot [ x U A such that f (x) =

the function is NOT ( onto )

Then is NOT (1 -1 and onto )

Example:
Suppose f: R 2 R defined by f (x) =x +
1. Is f injective (one to one) ( 1)?ye
2. Is f surjective ( onto ) ? yes

3. Is f bijective? Then yes

Solution:
1. Is f ¢ i toone)(1-1)7?
Z £ (y)
ve (onto ) ?
Nt [Lx: f(x)=y=2>f(y-1)=(y-1)+1=y

fx)=y
. xtl=y
the functionis (1—-1) x=y-1
the function 1s ( onto )
Then yes
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Example:

Let f: R 2 R defined by f(x)=3x-1

1. Is f injective (onetoone) (1 —1) ? yes
2. Is f surjective ( onto ) ? yes

3. Is f bijective? Then yes

Solution:

1. Is f injective (onetoone) (1 —-1)7?

suppose f (x) =f (y) (want x =y)

3x-1=3y-1

3x =3y

X=Yy

2. Is f surjective (onto ) ? f(x)=y

lety U R, (want [Cx such that f(x)=y) 3x-1=y
+1 -+1 —

FCY =3 =y N TV

=310 —y+l -3
(y+l _ y+1
then ¥5 DRadf(—)— ;

3. Is f bijective?
the functionis (1 —1)

the function is ( onto )
Then yes (b
Example:

Let f: N = N define

1. Is f injective 0 —1)?yes
2.1sf sur]ectl e
3.1Is ectiye? 0

3 = f (m) (want n=m)
2> n=m
Whut 3 #2" NO [n U N such that f (n) =2" =3

3. Is f bijective?
the functionis (1 -1)
the function is NOT ( onto )
Then Not bijective
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NOTE:

The function 1 -1 definition by If x #y =2 f(x) # f (y)
then f(x)=f(y) 2> x=y
then x #y =2 f(x) = f (y) [ contradiction rule]

Example:
let f: R 2 R defined by f (x) =

1. Is f injective (one toone) (1 —1) ? yes
2. Is f surjective (onto ) ? yes
3. Is f bijective? Then yes

2x —1

1. Is f injective (onetoone) (1 —1)7?
suppose f (x) = (y)

2x —1 2y —1
303
2x—-1=2y—-1
2x =2y

X=Yy

Then Functionis (1—-1)
2. Is fsurjective (onto ) ?

FELE )=y 12
23yz+1 1

3 =Yy
Y=y
y=y
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3. Is f bijective?
the function 1 )

by f(n)=3n+1

e function is ( onto ), Then yes

S f (m) (wantn=m)
3n+1=3m+1
3n=3m

n=m

then onetoone (1 —1)
is f onto?

Counter example:

20U Zbutno Cnl Zsuchthat f(n)=3n+1=2

f(n)= m
3n+1=m
3n =m -1

~ m—l1
n=—3
no Lnf(n)=2

Example:
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Let f: R = R defined by f(x) =x*+2

1. Is f injective (onetoone) (1 —1) ? no
2. Is f surjective (onto ) ? no

3. Is fbijective? Then no

Solution:

1. Is f injective (onetoone) (1—-1)?

2#2butf(2)=2"+2 = 22+2=1(-2)
Not injective (1 —1))

2. Is f surjective (onto ) ?
1 UR" butno Cx U R such that x*+2 =1
Not surjective

3. Then not bijective

Example:

Letf:R > Rdefinedby  f(x)= JE:ZX s € Q
1. Is f injective (onetoone) (1 —1) Lyes
2. Is fsurjective (onto ) ? Yes

3. Is f bijective? Then Yes

Casel: \
X, ¥ < 1 suppose f (x) = f (y) =y
x—1=y-1
X=Yy

Case 2:

wantx =y )

y<landx>1 x#y, f(x)=1f(y) (want contradiction)
xX*-2x+5=y -1

X*=2x+5 -y+1=0

(x-1)+5-y=0

(x-1)=y-5
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