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CHAPTER THREE:

FUNCTIONS.
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SECTION 3.1:
Functions.

Definition:
Let A and B be two sets, A function f from A to B (f: A  B ) is rule that 
assign to each element x in A exactly one element y in B, we call A the Domain 
of  ( f ) and B the CoDomain of  ( f ).

We write:
f: A  B, if x is an element of A and y is an element of B assigned to x, we 
write y = f (x) and call y the function value of f at x.

Example:
A = { a, b, c, d }
B = { s, t, u }
Let f : A  B be defined by:
f (a) = s
f (b) = t
f (c) = s
f (d) = u

Note:
1. A is a Domain, and B is a CoDomain 
2. Is a function with Dom(f) = A, CoDom(f) = B

is not a function.
f (c) = ???
???: No CoDomain
And f (b) = s, f (b) =  t
is more one CoDom

Define:
g : A  B by g (a) = t, g (b) = s, g (c) = u, g (d) = t this function 
Dom (g) = A, CoDom (g) = B

Define:
Number of functions can be defined from A to B

 CoDom
Dom

 = B
A
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Example:
How many functions can be defined from A to B ?
h : A  B ?.

The cardinality of A = 4
The cardinality of B = 3

CoDom
Dom

 = B
A

 = 3
4

  = 3 ×  3 ×  3 ×  3 = 81

h : A  B = 81 functions.

Example:
Let A = { 1, 2 }
How many functions can be defined with Dom (A) and CoDom (A) ?

CoDom
Dom

 = A
A

 = 2
2

  = 2 ×  2 = 4

1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2

NOTE:
f = g, iff Dom (f) = Dom (g), CoDom (f) = CoDom (g) and f (x) = g (x) 

Question 1:
determine which the following rules define the function ?
a.
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
Is function Is not function Is function Is not function

f(1) = ???? f(1) = 1
is more one CoDom f(1) = 2
????: is NO CoDom is more one CoDom

b. 
f : R  Z, where f (x) is the integer nearest x.
f (2.5) = 2, 3 is not function. ( have two CoDom)

c. 
f : R  R, where f (x) is any real number y such that y3 = x.
then is function. ( always have One CoDom)
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Question 2:
Let A = { a, b, c }
       B = { s, t }
List all functions from A and B, and from B and A.

1. A and B ( f: A  B)

CoDom
Dom

 = B
A

 = 2
3

  = 2 ×  2 ×  2 = 8

2. B and A ( f: B  A)

CoDom
Dom

 = A
B

 = 3
2

  = 3 ×  3 = 9

Example:      x - 1
Let f : R+  R defined by f (x) = 

    x + 1
f (2)  = 1/3
f (0)  = -1
f (-2) = not defined -2 ∉ R+  

Example:
Let f: R  R defined by 
f (x) = x2 + 2 if x > 1
f (x) = 3x - 2 if x ≤  1

solution:
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f (0)  where 0 ≤  1
f (0) = 3 ×0 - 2 if 0 ≤  1
        = 0  - 2
        = -2 
 
f (4) where 4 > 1
f (4) = 42 + 2 if 4 > 1
        = 16  + 2
        = 18 

f (x) =     













≤
>+

1   x  i f 2 -3 x  

1  x  i f 2  x2

f (a+1) = 













≤++
>+++

1   1 )( a i f 2 - 1 )3 ( a

1  1 )( a i f 2  1 )( a 2
                             

f (a+1) = 













≤+
>++

0   a i f 2 - 1 )3 ( a

0  a i f 2  1 )( a 2
  subtraction 1 from (a+1)                           

f (a+1) = 













≤
>++

0   a i f          5 - 3 a

0  a i f  3  2 a  a2
  

Question 3:
Let A = { x : x ≥ 1 }

      f : A  R+, be defined by f (x) = 
x

1  x2 +
 

Find f (2), f (1.5), f (-1), if possible, for what values of z is f (z + 2) defined

solution:

f (2) = 
x

1  x2 +
 = 

2

1  22 +×
 =  

2

5

f (1.5) = 
x

1  x2 +
= 

2

1  25.1 +×
 = 

2

25.3
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f (-1) = not defined ( must  x ≥ 1 from defined)
f (z + 2)  ∈  A,  iff  z + 2 ≥  1

          z       ≥ -1

Example:
let f: R  Z by  f (x) is the greatest integer less than or equal x (f (x) = [x])
1. f (0.5) 

f (0.5) = [0.5]
 = 0

2. f (1.2)
f (1.2) = [1.2]

 = 1
3. f (-0.3)

f ((-0.3) = [(-0.3]
      = -1

1. for what values of x is f (x) = 2 ? [2, 3)
2. for what values of x is f (x) = -3 ? [-3, -2)

Definition:
Let A be any set and define f : A  A by f (x) = x for each x ∈  A, then function 
f is called the identity function on A denoted by idA

Example:
Let f: N  N defined by f (n) = ∀n ∈  N then f is identity function in N, idN.
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