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Section 2.9
Proof by Induction

Proof by Mathematical Induction:
To prove a proposition in the form ∀n P(n) where n is a natural number,
it suffices to prove P(1) and P(n) → P(n+1).

Example: 
Prove the following formula for all natural numbers n.
1 + 3 + 5 + 7 + 9 + ……... + (2n – 1) = n2

Solution: 
Let P(n): 1 + 3 + 5 + 7 + 9 + ... + (2n – 1) = n2

We shall prove ∀n P(n) in two steps:

1. P(1): 2n – 1 = 1 n2 = 12 so this proposition is true.
    P(2): (2n – 1)+(2n – 1) =1+ 3 n2 = 22 so this proposition is true.
    P(3): (2n – 1) +(2n – 1) +(2n – 1) =1+3+ 5 n2 = 32 so this proposition is true.

…………

P(k): ∑
=

  
k

1x
1-2x = k2  so this proposition is true.

2. P(n): 1 + 3 + 5 + 7 + 9 + ... + (2n – 1) = n2

If 2n-1 is true then 2n+1 is true proposition.
→ 1 + 3 + 5 + 7 + 9 + ... + (2n – 1) + (2n + 1) = n2 + (2n + 1)
→ 1 + 3 + 5 + 7 + 9 + ... + (2n – 1) + (2n + 1) = (n + 1)2

We want to prove the formula is (n + 1)2 
→ 1 + 3 + 5 + 7 + 9 + ... + (2k – 1) + (2k + 1) = k2 + (2k + 1)
→ 1 + 3 + 5 + 7 + 9 + ... + (2k – 1) + (2k + 1) = k2 + 2k + 1
→ 1 + 3 + 5 + 7 + 9 + ... + (2k – 1) + (2k + 1) = (k + 1)2

→ ∴P(k+1) is true

Steps of proof by mathematical induction:
1. n = 0
2. P(k) ⇒  P (k+1) for any K
∴ P (n) n ≥ 0 is true
• Mathematical Induction is a method to prove that a statement or a 
proposition of the form ∀n P(n) is true where n is positive integer.

Method:
A proposition P (n) is true for n ≥ 1 if 

1. P (1) is true
2. P (k) ⇒  P (k+1) is true for every k in N

3



Math 152 Osama Alkhoun (Mobile: 0796484613)

Example:
Use mathematics induction to prove 

1 + 2 + 3 + …………….. + n = 
2

) 1 n  (n +

                    
                    P (n)
Proof:

1. for n = 1

P (1) = 
2

1)1(1 +
 = 1

∴ the proposition is true for n = 1

2. suppose that the statement is true for n =  k

1 + 2 + 3 + …………….. + k = 
2

) 1 k  (k +

We want to prove:

1 + 2 + 3 + …………….. + k + (k + 1) = 
2

) 2 k  ( 1 K ++

3. For n = ( k + 1 )

P ( k ) =  1 + 2 + 3 + …………+ k + ( k + 1) =  ) 1 k  ( 
2

) 1 k  (K  +++

     =  
1

) 1 k  ( 

2

) 1 k  (K  +++

                  =  
12

) 1 k  ( 2

2

) 1 k  (K  

×
+++

              =  
2

) 1 k  ( 2

2

) 1 k  (K  +++

    =  
2

) 1 k  ( 2   ) 1 k  (K  +++

(k+1) : common factor

            = 
2

) 2 k  (    ) 1 k  (  ++

∴ the proposition is true for n = k
From 1, 2 and 3:

1 + 2 + 3 + …………………….. + n = 
2

) 1 n  (n +

4



Math 152 Osama Alkhoun (Mobile: 0796484613)

Example:
Proof by induction 

1 + r + r2 + r3 +  …………………….. + rn= 
r1

1 r
1n

−
− +

n ≥ 0 for any real number.
Proof:

1. for n = 0

P (0) =  1 
r1

1 r
1n

−
− +

 = 
r1

1 r
10

−
− +

= 
r1

1

−
−r

= 1

∴ the proposition is true for n = 0

P (k) =  
r1

1 r
1k

−
− +


r1

1 r
1n

−
− +

 = 
r1

1 r
1k

−
− +

2. suppose the proposition is true for n = k

      1 + r + r2 + r3 +  …………………….. + rk=  
r1

1 r
1k

−
− +

3. For n = k + 1

P (k + 1) : 1 + r + r2 + r3 + …..+ rk  + rk+1 = rr 1k
1k

r1

1 +
+

+
−

−
 

= 
1r1

1 rr
1k1k ++

+
−

−

= 
r) - (11

r) - (1

) r(11

) (11 rr
1k1k ++

+
−

−

= 
r - 1

 -

r1

1 rrr
2k1k1k +++

+
−

−

= 
r1

) -()(1 rrr
2k1k1k

−
+− +++

= 
r1

 -1 rrr
2k1k1k

−
+− +++

= 
r1

 1 r
2k

−
− +

∴ the proposition is true for n =  k + 1 from 1, 2 and 3 :

1 + r + r2 + r3 +  …………………….. + rk= 
r1

) (1 r
2k

−
− +
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Proof by induction
1 + 2 + 22 + 23 +  …………………….. + 2n =  2n + 1  - 1   n ≥ 0
Solution:
1. for n = 0

P ( 0 ) = 2n + 1  - 1   
P ( 0 ) = 20 + 1  - 1   
P ( 0 ) = 2 - 1   
P ( 0 ) = 1   

∴ the proposition is true for n =  0
P ( k ) = 2k + 1  - 1   
P ( k+1 ) = 2k+1 + 1  - 1   

     = 2k + 2  - 1   
2. suppose the proposition is true for n = k  
    1 + 2 + 22 + 23 +  …………………….. + 2k =  2k + 1  - 1   

P ( k ) = 2k + 1  - 1   
And 
    1 + 2 + 22 + 23 +  …………………….. + 2k   + 2k+1 =  2k + 2  - 1   

P ( k ) = (2k + 1  - 1) +  2k+1

 =2 ( 2k + 1 )  - 1
 = 21 2k + 1 - 1
 =  2k + 2  - 1
∴ the proposition is true for n ≥ 0

Example:
Proof by induction
( A1   A2   A3   ………   An )c =  A1

 c  A2
 c  A3

 c  ………  An
 c

For any collection of sets A1, A2, A3,………………….,  An 

Proof:
1. P (1) : " A1

 c = A1
 c " is true.

2. Suppose P (k) is true, that is
 ( A1   A2   A3   ………   Ak )c =  A1

 c  A2
 c  A3

 c  ………  Ak
 c

     3.  Suppose B
P (k+1) : "(A1   A2   A3  ... Ak+1)c =  A1

 c  A2
 c  A3

 c  … Ak
c  Ak+1

c "

                                                                                         This B
                                                         = ( A1   A2   A3   ………   Ak )c Ak+1

c

                                                         = A1
 c  A2

 c  A3
 c  … Ak

c  Ak+1
c

                                                        = A1
 c  A2

 c  A3
 c  ………..  Ak+1

c

From 1, 2, 3 we have (A1   A2   A3   … An )c = A1
 c  A2

 c  A3
 c …An

 c

 
Example:
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Let Q (n) be the predicate
2 + 4 + 6 + ………………………. + 2n = n ( n+ 1)
Prove by induction that Q (n) is true for all n > 0.

Proof:
1. for n = 1
Q (1) = is the proposition
2 = n ( n +1)    2 = 1 ( 1 +1)    2 = 2 which is true.
Q (2) = is the proposition
2+4 = n ( n +1)    2 = 2 ( 2 +1)    6 = 6 which is true.
Q (k) = is the proposition

k = n ( n +1)    ∑
=

 
k

1x
2x = k ( k +1)   which is true.

Q (k+1) = is the proposition

K+1 = n ( n +1)    ∑
+

=
 

1k

1x
2x = k+1 ( k +2)   which is true.

2. suppose that Q (k) is true Q (k) is the proposition 
2 + 4 + 6 + ………………………. + 2k = k ( k+ 1)

3. Q (k+1) is the proposition 
2 + 4 + 6 + ………………………. + 2(k+1) =  ( k+ 1) (k +2)
2 + 4 + 6 + ……… 2(k+1) =  2 + 4 + 6 + ………….+ 2k + 2(k+1) 

       = k ( k+ 1)
=  k ( k+ 1) + 2(k+1)
=  ( k+ 1) (k +2)

∴ from 1, 2, 3 Q (n) is true for all n >0.
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